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Abstract

A popular algorithm for allocation of documents to topics is the Latent Dirichlet Al-
location model (LDA), which considers the topics as latent variables, and does not result
in a clear assignment of documents to topics. Here we consider a Product Partition Model
(PPM) for Dirichlet allocation, which gives more flexibility to the structure of the model,
including the topic assignment as a parameter. Moreover, the model does not need to have
the number of topics to be pre-specified, and can directly compare models with a variable
number of topics, without resorting to ad hoc post processing. We also discuss a Gibbs
sampler that facilitates the implementation of the model and the calculation of the required
posterior probabilities, along with two illustrative examples. Lastly, we show that not every
“collapsed Gibbs sampler” mixes better than the full Gibbs sampler, and previous choices
for Dirichlet allocation have not been optimal.
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1. Introduction

The Latent Dirichlet Allocation model (LDA) introduced by [1], has received a great deal
of attention in the recent years as a suitable alternative to work in problems related to
topic learning and document classification. Moreover, it is applicable to a wide variety of
allocations problems, for example, classifying features of a geographic scenes. Many LDA
models have been discussed in detail in the literature, and several authors have proposed
different modifications in order to improve and facilitate the implementation of the model.
For instance, [2] propose to augment the LDA parameterization by introducing class-label-
dependent auxiliary parameters which obtain better results in document classification. [3]
combines the usual Gibbs sampler with a variational Bayes technique, based on bounding the
log marginal likelihood and optimizing the bound using Gaussian approximation facilitating
the implementation of the model. In a similar direction, [4] proposed a collapsed Gibbs

c©2011 Claudio Fuentes et al.



Fuentes et al.

sampler to carry out the calculations intending to improve the algorithm in terms of speed
and computational efficiency.

However, all these variations of the LDA models assume that the number of topics is
known, which is often unrealistic. In this direction, [5] consider implementing the LDA
model for different number of topics and then determine the optimal number of topics
based on a model selection criteria. But the problem of introducing the number of topics
as a parameter in the model is not easy to solve within the hierarchical structure of the
LDA model. To address this problem, we instead propose using a product partition model.
These models, first introduced by [6] and [7], and later used by [8] in the context of cluster
analysis, provides a more flexible structure allowing the introduction of the number of topics
as a parameter and facilitating the calculation of the posterior probabilities of interest.

In Section 2 we first describe the hierarchy of the generative model and present a two-
stage Gibbs sampler to estimate the model. In Section 2.3 we compare the performance
of the two-stage Gibbs sampler versus the collapsed Gibbs sampler, typically used in the
context of LDA models. In Section 3 we show how to learn the number of topics and present
some simulation results. Finally, in Section 4, we summarize our main results.

2. Product Partition Models and Gibbs Samplers

The latent Dirichlet allocation model describes one approach to describing collections of
discrete data such as a collection of text documents. It is fully developed in [1]. Here we
describe a slight modification, that allows us to run a Gibbs sampler in order to estimate
the posterior distributions.

2.1 Notation

Using terminology from text collections, suppose that we have D documents in a corpus,
and that after removing the stop words, each document has nd words. Also let V denote
the vocabulary of the corpus - the total number of unique words. Then each document can
be represented by a sequence of nd binary vectors, each of length V , representing the nd
words in that document. We use the vectors w1,d,w2,d, . . . ,wnd,d to represent the words.
All entries of each vector are zero except for the coordinate indicator wit,d = 1, which will
tell us exactly which word of the vocabulary is being picked up, with t running from 1 to V .
The words are observed, and for each word in document d, let zi,d denote a latent variable,
also a binary vector, that identifies the topic that wi,d belongs to. A topic can be defined
simply as a distribution over the vocabulary of words. Assume we know that there are k
topics in the corpus. One goal of Dirichlet Allocation is to identify words that define a
topic. The topics themselves are unlabeled, but from the model parameters, they can be
identified by the words in the vocabulary that are most likely to appear under that topic.
Table 2 contains a summary of the index labels used in this section.

2.2 Generating Hierarchy and the Full Gibbs Sampler

Now let β represent a random k×V matrix, where each row represents the probability vector
over the vocabulary corresponding to one topic. Formally, the data generating hierarchy,
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Table 1: Index notation for LDA model.

D documents d = 1, . . . , D

nd words in each document i = 1, . . . , nd
k topics j = 1, . . . , k

V unique words in corpus t = 1, . . . , V

as given in [1], is as follows:

βj ∼ Dirichlet(b1, b2, . . . , bV ) for j = 1, 2, . . . , k

θd ∼ Dirichlet(α1, α2, . . . , αk) for d = 1, 2, . . . , D

For each d, for i = 1, 2, . . . , nd : (1)

zi,d ∼ Multinomial(1, θd)

wi,d ∼ Multinomial
(
1, βj′

)
, where zij′,d = 1.

Informally, the above display simply says that each document is spread across the topics,
with the spread being determined by θd. For each word within the document, we pick a
random topic first (zi,d), and then pick the word according to the distribution (β) deter-
mined by that topic. The next step is to write down the conditional distributions for zi,d
and wi,d for each document d and simplify them. Ignoring normalizing constants for now,
we have

Pr(zd|θd) =

nd∏
i=1

k∏
j=1

θ
zij,d
j,d =

k∏
j=1

θ
nj,d

j,d , where nj,d =

nd∑
i=1

zij,d,

Pr(wd|zd, β) =

nd∏
i=1

V∏
t=1

k∏
j=1

= β
wit,dzij,d
jt =

V∏
t=1

k∏
j=1

β
mjt,d

jt , where mjt,d =

nd∑
i=1

wit,dzij,d.

In this context, nj,d represents the number of words in document d that are assigned to
topic j, and mjt,d represents the number of times that word t in document d is assigned to
topic j. The joint density of a corpus can be written as

Pr(z, θ, β,w|α, b) =

[
D∏
d=1

Pr(wd|zd, β) Pr(zd|θd) Pr(θd|α1, . . . , αk)

]
Pr(β|b1, . . . , bV ).

Filling in the details, the posterior density of (z, θ, β) is given by

Pr(z, θ, β|w, α, b) ∝

 D∏
d=1

 V∏
t=1

k∏
j=1

β
mjt,d

jt

 k∏
j=1

θ
nj,d

j,d

 k∏
j=1

θ
αj−1
j,d

 k∏
j=1

V∏
t=1

βbt−1
jt


=

 V∏
t=1

k∏
j=1

β
∑D

d=1mjt,d+bt−1
jt

 D∏
d=1

k∏
j=1

θ
nj,d+αj−1
j,d

 ,

(2)

where the second expression follows from straightforward algebra. We can now pick off the
full conditionals of a two-stage Gibbs sampler.

3



Fuentes et al.

1. Given z, generate β and θ via

θd ∼ Dirichlet(n1,d + α1, . . . , nk,d + αk) for d = 1, 2, . . . , D,

βj ∼ Dirichlet

(
D∑
d=1

mj1,d + b1, . . . ,
D∑
d=1

mjV,d + bV

)
for j = 1, 2, . . . , k.

2. Given ∆ = (β, θ), and noting that nj,d =
∑V

t=1

∑nd
i=1 zij,dwit,d =

∑V
t=1mjt,d, the full

conditional for zd can be written

Pr(zd|θd, β,wd) ∝

 V∏
t=1

k∏
j=1

β
mjt,d

jt

 k∏
j=1

θ
nj,d

j,d

 =

nd∏
i=1

k∏
j=1

V∏
t=1

(βjtθj,d)
zij,dwit,d .

Thus we can generate zi,d according to

zi,d ∼ Multinomial(1, (pi1,d, pi2,d, . . . , pik,d)) for i = 1, 2, . . . , nd,

where pij,d ∝
V∏
t=1

(βjtθj,d)
wit,d for j = 1, 2, . . . , k.

As this is a two-stage Gibbs sampler with one of the random variables over a finite state
space, we can apply the Duality Principle (see Section 9.2.3 of [6] and [7] for further de-
tails) and conclude that the overall chain attains the fastest convergence rate, uniformly
ergodicity.

A further point is that since we have a product partition model, we can in fact find the
optimal allocation of words to topics using this model. To be explicit, at each iteration of
the Gibbs sampler, we can compute the marginal posterior of the sampled z and rank them.
To compute the marginal posterior, we simply have to integrate out β and θ from equation
(2). Note that, in order to rank the z, we do not need to compute the normalizing constant
for the marginal posterior distribution of z. We only need

Pr(z|w, α, b) ∝
∫ ∫  V∏

t=1

k∏
j=1

β
∑D

d=1mjt,d+bt−1
jt

 D∏
d=1

k∏
j=1

θ
nj,d+αj−1
j,d

dβdθ

=

 k∏
j=1

V∏
t=1

Γ

(
D∑
d=1

mjt,d + bt

) D∏
d=1

k∏
j=1

Γ (nj,d + αj)

 .
(3)

2.3 Comparison with the Collapsed Gibbs Sampler

For clarity, we investigate the relationship between the full Gibbs sampler and the collapsed
Gibbs sampler in a special case of (1), using only one document, excluding the variables β
and w, and taking nd = 2. The model becomes

θ ∼ Dirichlet(α1, α2, . . . , αV ) (4)

zi, ∼ Multinomial(1, θ), for i = 1, 2,
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and note the following three samplers:

(a) z1, z2|θ, θ|z1, z2,

(b) z1|θ, θ|z1, or z2|θ, θ|z2, (5)

(c) z1|z2, z2|z1.

Sampler (a) is the full Gibbs sampler of Section 2.2, and (b) and (c) are collapsed versions.
The samplers in (b) are the subject of [9] and [10], who note that (b) is better than (a)
in convergence rate (with the original theory in [11]). However, this theory does not cover
Sampler (c), which is the collapsed Gibbs sampler of [5], [3], and [4]. Moreover, we now
show that Sampler (c) is inferior to Sampler (a).

We compare the samplers through their lag-1 autocovariance. To be specific, run the
collapsed Gibbs transition in the order z → z′, where z = (z1, z2). Let h(z) be any function
with Eh(z) = 0 and Varh(z) <∞. The lag-1 covariance is given by

Cov(h(z), h(z′)) =

∫
Z

∫
Z′
h(z)h(z′)f(z′|z)f(z)dzdz′, (6)

where f(z′|z) is the conditional distribution of z′ given z (the Markov chain transition
kernel) and f(·) is the stationary distribution of the chain. (We use f generically to denote
a function, the roles should be clear from the arguments of the function.) Note that the
better Markov chain will have a smaller lag-1 autocovariance, as the the chain will be closer
to independence. In fact, for a two-stage Gibbs sampler the lag-1 autocorrelation is the
convergence rate. For more about lag-1 autocovariance domination see [12].

We have the following theorem.

Theorem 1 For the model (4) and samplers (5), let Covc(h(z), h(z′)) denote the lag-1
autocovariance under the collapsed Gibbs sampler (c), and Covf (h(z), h(z′)) that under the
full Gibbs sampler (a). The for any h(z) satisfying Eh(z) = 0 and Varh(z) <∞,

|Covf (h(z), h(z′))| ≤ |Covc(h(z), h(z′))|.

Proof In (6), we can use the calculus of probability to write the density of the collapsed
Gibbs sampler as

f(z′|z)f(z) =

∫
Θ
f(z′, z|θ)f(θ)dθ =

∫
Θ
f(z′|θ)f(z|θ)f(θ)dθ,

where the last equality follows from the fact that in model (4), as in model (1), z and z′

are conditionally independent given θ. Thus

Covc(h(z), h(z′)) =

∫
Θ

[∫
Z
h(z)f(z|θ)dz

]2

f(θ)dθ = Var[E(h(z)|θ)].

For the Gibbs full sampler we have

Covf (h(z), h(z′)) =

∫
Z

∫
Z′

∫
Θ

∫
Θ′
h(z)h(z′)f(z′, θ′|z, θ)f(z, θ)dzdz′dθdθ′.
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Now write

f(z′, θ′|z, θ)f(z, θ) = f(z′, θ′, z, θ) = f(z′|θ′z, θ)f(θ′, z, θ),

where we have factored the joint density into the conditional of z′ times the marginal of
(θ′, z, θ). We can write this last marginal as f(θ′, z, θ) = f(z|θ′, θ)f(θ′, θ) = f(z|θ′)f(θ′, θ),
as z is conditionally independent of θ given θ′. We thus have

f(z′, θ′|z, θ)f(z, θ) = f(z′|θ′z, θ)f(z|θ′)f(θ′, θ) = f(z′|θ′)f(z|θ)f(θ′, θ),

where the last step again follows from conditional independence, that z′ is conditionally
independent of (z, θ) given θ′. Putting this all together yields

Covf (h(z), h(z′)) =

∫
Θ

∫
Θ′

[∫
Z
h(z′)f(z′|θ′)dz′

] [∫
Z
h(z)f(z|θ)dz

]
f(θ′, θ)dθdθ′

= Cov
[
E(h(z|θ′),E(h(z|θ)

]
.

And, finally, recalling that the Cauchy-Schwarz inequality states that for any random vari-
ables X and Y , |Cov(X,Y )| ≤ [Var(X)Var(Y )]1/2, we have

|Covf (h(z), h(z′))| = |Cov
[
E(h(z|θ′),E(h(z|θ)

]
| ≤ Var[E(h(z)|θ)] = |Covc(h(z), h(z′))|,

showing that the collapsed sampler (c) has larger lag-1 autocovariances than the full Gibbs
sampler (a).

Thus the full Gibbs sampler dominates the collapsed Gibbs sampler in the covariance
ordering. This implies that the full Gibbs sampler is closer to independent sampling, and
is expected to have smaller Monte Carlo variances. The following example gives some idea
of the extent of the improvement, showing that the dominance can result in a reduction in
Monte Carlo error of up to 50%.

Example 1 A typical approach to LDA models is to run a “collapsed” Gibbs sampler (c).
To be precise, θ and β are analytically integrated out of the joint posterior in equation (2),
and an n-stage Gibbs sampler is run to obtain samples from Pr(z|w, α, b). This approach is
detailed in [6]. When each sample of z is obtained, a Rao-Blackwellized estimate of θ and
β is computed. Here we present an empirical comparison of the two Markov chains based
on a (synthetic) data set.

We ran 20 chains, each with 500 iterations. For each chain we calculate the estimates of
θ, and get their standard deviation between the 20 chains, which estimates the true Monte
Carlo error. We take n = 8 to be the dimension of z, and assume that there are k = 5
topics. The results are in Table 2, where we see that the full Gibbs sampler has a smaller
Monte Carlo error than the collapsed Gibbs sampler.

3. Learning the Number of Topics

To allow variable k, we start by putting a subscript on k, and now write kd, as has been a
typical approach. Also, both β and θ have dimension V , the maximum number of topics.
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Table 2: Estimates of θ and standard errors for n = 8 and k = 5, based on 20
Markov chains, each with 500 iterations.

True θ = (.2, .2, .2, .2, .2)

θ Std. Dev

Full Gibbs 0.1998 0.2017 0.2042 0.1965 0.1979 0.0525
Collapsed Gibbs 0.1940 0.2035 0.1949 0.2120 0.1956 0.0819

True θ = (0.3333, 0.3333, 0.1111, 0.1111, 0.1111)

θ Std. Dev

Full Gibbs 0.3320 0.3351 0.1126 0.1077 0.1126 0.0269
Collapsed Gibbs 0.3334 0.3367 0.1114 0.1101 0.1084 0.0381

The generating hierarchy (1) is modified to

βj ∼ Dirichlet(b1, b2, . . . , bV ) for j = 1, 2, . . . , V

θd ∼ Dirichlet(α1, α2, . . . , αV ) for d = 1, 2, . . . , D

For each d, for i = 1, 2, . . . , nd : (7)

zi,d ∼ Multinomial(1, θd)

wi,d ∼ Multinomial
(
1, βj′

)
, where zij′,d = 1,

where the dimension of the β and θ have been extended to V . The joint posterior calculation
in (2) remains the same except that

∑k
j=1 becomes

∑V
j=1. We run the two-stage Gibbs

sampler in the following way.

1. Given z, generate β and θ via

θd ∼ Dirichlet(n1,d + α1, . . . , nkd,d + αkd , 1, . . . , 1︸ ︷︷ ︸
V − kd times

) for d = 1, 2, . . . , D

βj ∼ Dirichlet

(
D∑
d=1

mj1,d + b1, . . . ,
D∑
d=1

mjV,d + bV

)
for j = 1, 2, . . . , V

2. Given ∆ = (β, θ), and noting that nj,d =
∑V

t=1

∑nd
i=1 zij,dwit,d =

∑V
t=1mjt,d, the full

conditional for zd is

Pr(zd|θd, β,wd) ∝

 V∏
t=1

V∏
j=1

β
mjt,d

jt

 V∏
j=1

θ
nj,d

j,d


=

 nd∏
i=1

V∏
t=1

V∏
j=1

β
zij,dwit,d

jt

 nd∏
i=1

V∏
t=1

V∏
j=1

θ
zij,dwit,d

j,d


=

nd∏
i=1

V∏
j=1

V∏
t=1

(βjtθj,d)
zij,dwit,d
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Figure 1: The sampler was run with a “spiky” α = (30, 30, 30, 30, 0.1, 0.1, . . .) in order to

favor a smaller number of topics. The histograms demonstrate that the

sampler is able to pick out the true number of topics present.
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Thus we can generate zi,d according to

zi,d ∼ Multinomial(1, (pi1,d, pi2,d, . . . , piV,d)) for i = 1, 2, . . . , nd

where pij,d ∝
V∏
t=1

(βjtθj,d)
wit,d for j = 1, 2, . . . , V

3. We then calculate, for each d,

nj,d =

nd∑
i=1

zij,d, j = 1, . . . V.

Some of these nj,d will be zero, and the kd nonzero ones define the current number of
topics.

3.1 Simulation Studies

Here, on two datasets, we demonstrate how the Gibbs sampler learns the number of topics.
One is a synthetic dataset with the true number of topics known. The other is a small
corpus of documents consisting of Associated Press articles.
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Figure 2: Results from the variable k Gibbs sampler for the documents in Section

3.1.2. The Gibbs sampler of this section was run for 3000 iterations, and

produced the following histograms for the number of topics in each doc-

ument.
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3.1.1 Synthetic Dataset

For this section, we simulated a dataset from the hierarchy specified in (1) with 10 topics, a
vocabulary size of 50 words and 25 documents. Figure 1 contains histograms of the number
of topics selected for 4 of the 25 documents.

3.1.2 Associated Press Dataset

The corpus used in this section only consists of the following 2 documents:

1. At least 15 people died and 25,000 residents of Surat town were evacuated after torrential rains

flooded the west Indian town, United News of India reported Friday. UNI said the victims

lived in slum localities which were the worst affected in the deluge Thursday night. It said

25,000 slum residents lost their homes in the floods and were moved to relief camps. Surat in

Gujarat state is 560 miles southwest of New Delhi. At least 50 people have drowned or died

in collapsed houses across India since the monsoon broke this month, newspapers reported.

Worst affected are northeastern Assam state and eastern Bihar state.

2. A Navy anti-submarine helicopter crashed while preparing to land on a frigate in the North

Arabian Sea and its three crewmen were presumed dead, officials announced Friday. The

SH-2F helicopter was returning to the USS Barbey at the end of a dawn flight and crashed on

approach, said Ken Mitchell, spokesman for North Island Naval Air Station. The Barbey is

based at San Diego. The crash occurred about 7 p.m. PST Thursday, Mitchell said. Lost and

presumed dead were Lt. Cmdr. Gerald C. Pelz, 37, of Coronado, Calif., Lt. j.g. Gerald T.
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Table 3: The more frequent words in document 1 are assigned to topic 2 rather

than topic 2, and vice versa for the frequent words in document 2. This

suggests that in this purely instructional example, the topics are defined

by the documents.

Topic 1 Topic 2 Neither

“died” 6 9

“india” 6 9

“slum” 6 9

“state” 7 8

“surat” 5 9 1

“barbey” 11 4

“helicopter” 8 7

“uss” 12 3

“north” 7 7 1

“gerald” 10 5

Ramsdell, age unknown, of Ridgewood, N.J., and the anti-submarine warfare operator, Petty

Officer 3rd Class William E. Martinie, 24, of Peoria, Ill. Helicopters from the aircraft carrier

USS Nimitz, 70 miles away, and boats from the Barbey and USS California unsuccessfully

searched for survivors. The craft was part of Helicopter Anti-Submarine Squadron Light 33.

The variable k gibbs sampler of this section was run for 3000 iterations, producing the
histograms in Figure 2 for the number of topics in each document. Using the formula
in equation (3), we can rank the sampled z’s. In Table 3, we display the top 15 topic
assignments in the course of running the Gibbs sampler, for 5 words from document 1 and
5 words from document 2.

4. Discussion

The product partition model has proven to be extremely effective in cluster algorithms, and
here we see that it is equally effective in topic modeling. One big advantage of the model
is the ability to include the number of topics in the search algorithm, eliminating the need
for ad hoc post-processing with criteria such as BIC (Bayesian Information Criterion). We
also saw that the collapsed Gibbs sampler is not necessarily an improvement over the full
Gibbs sampler; although it may require fewer calculations, it does not mix as well and thus
has a larger Monte Carlo error.
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